We use the Einstein-Hilbert gravitational path integral to investigate gravitational entanglement at leading order O(1/G). We argue that semiclassical states prepared by a Euclidean path integral have the property that projecting them onto a subspace in which the Ryu-Takayanagi or Hubeny-Rangamani-Takayanagi surface has definite area gives a state with a flat entanglement spectrum at this order in gravitational perturbation theory. This means that the reduced density matrix can be approximated as proportional to the identity to the extent that its Renyi entropies S n are independent of n at this order. The n-dependence of S n in more general states then arises from sums over the RT/HRT-area, which are generally dominated by different values of this area for each n. This provides a simple picture of gravitational entanglement, bolsters the connection between holographic systems and tensor network models, clarifies the bulk interpretation of algebraic centers which arise in the quantum errorcorrecting description of holography, and strengthens the connection between bulk and boundary modular Hamiltonians described by Jafferis, Lewkowycz, Maldacena, and Suh, with implications for the idea of using boundary modular flow in reconstructing bulk quantum fields as proposed by Faulkner and Lewkowycz.
Introduction
The study of entanglement in gravitational systems has a long history, going back to [1] [2] [3] [4] . In recent years it has been given new life within the relatively precise context of AdS/CFT [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . The primary driver of this resurgence of interest has been the Ryu-Takayanagi (RT) formula, which says that at leading order in the semiclassical expansion in G the von Neumann entropy on a boundary spatial subregion R of any semiclassical state ρ is given by
where γ R is the Hubeny-Rangamani-Takayanagi (HRT) surface in the bulk associated to that subregion and A[γ R ] is its area in that state [6] [7] [8] . More recently, the nature of entanglement in AdS/CFT was clarified considerably by the observation that the holographic mapping from the bulk to the boundary has the structure of a quantum error-correcting code [17] . Quantum error-correcting codes are protocols which store quantum information nonlocally in the entanglement between many local degrees of freedom, in such a way that the stored information is protected from errors acting on small numbers of those local degrees of freedom: in [17] it was observed that this is Figure 1 . The encoding circuit for a tensor network holographic code (figure borrowed from [28] ). r/r denotes bulk degrees of freedom at the red dots to the left/right of the green HRT surface γ R , |χ is a tensor product of a set of EPR pairs on each link cut by γ R , and U R /U R are unitary transformations generated by the pieces of the network to the left/right of γ R .
precisely what is required to explain the emergence of the radial direction in AdS/CFT. In particular in [18] [19] [20] a close connection between the RT formula and quantum error correction was developed, with [20] showing that a rather general family of quantum error-correcting codes all obey an RT-like formula. Throughout these developments, a supporting role has been played by Renyi entropies, which for any quantum state ρ are defined by S n (ρ) ≡ − 1 n − 1 log Tr(ρ n ). (1.2) Typically these are well-defined for n ≥ 1, with S 1 (ρ) being equivalent to the von Neumann entropy −Trρ log ρ. Indeed the most prominent appearance of Renyi entropy is in the use of the replica trick to compute von Neumann entropy via the limit n → 1 [12, [21] [22] [23] . Renyi entropies are also interesting objects on their own however, with their n-dependence allowing them to probe more information about a quantum state than the von Neumann entropy does: indeed in principle we should be able to extract the full spectrum of ρ from a careful study of the Renyi entropies (see [24] [25] [26] [27] for recent work focused specifically on Renyi entropies). It therefore is natural to ask if quantum error correction gives any useful perspective on Renyi entropy. One way to begin to address this question is to ask how Renyi entropy behaves in simple tensor network models of holographic codes which have so far been constructed [29, 30] , but here a surprise is in order. These models are (to a good approximation in the second case) examples of what [20] called subsystem codes with complementary recovery, which in practice means that they are encoded via a quantum circuit of the type illustrated in figure 1 . 1 The quantum error correction interpretation of the RT formula proposed in [20] follows from the circuit diagram in figure 1: for any state ρ rr we feed into the rr indices of the circuit, we have S(ρ R ) = S(χ R ) + S(ρ r ), (1.3) where χ R is the restriction of |χ to the subfactor of R which does not contain r. S(χ R ) thus receives a contribution from each link which is cut by γ R , and is therefore proportional to its area, so we can identify the first term in (1.3) as giving rise to the leading-order RT formula (1.1). S(ρ r ) is the von Neumann entropy of the bulk fields in the entanglement wedge of R, and thus gives the O(G 0 ) contribution to the quantum version of the Ryu-Takayanagi formula proposed in [31] . For our purposes here the main point however is that we can also use this encoding circuit diagram to compute the Renyi entropies of any bulk state we feed into the rr legs of the circuit. At leading order in G these Renyi entropies will again be dominated by the contribution from |χ , but since |χ consists entirely of maximally mixed EPR pairs, the eigenvalues of its restriction χ R to R are all equal and the Renyi entropy S n (ρ R ) is thus independent of n at leading order! This certainly is not what is predicted by general relativity in the bulk (see e.g. [26] ), and understanding what feature of holography is therefore missing has been one of the interesting open problems in holographic error correction.
The first guess for how to rectify this discrepancy is to change the tensors in the network. This however will not change the n-independence of the Renyi entropies, since the index contradictions will still correspond to inserting maximally mixed states on each link. We can try to improve this by changing the rules for doing the index contractions to include the insertion of a non-maximally mixed state [30] , but this seems unlikely to capture the full n-dependence expected from holography, especially e.g. in the presence of multiple intervals. Our main goal in this paper is to instead argue that in a certain sense the simple holographic networks have it right: in the gravitational states which they are most analogous to, the Renyi entropies are independent of n to leading order in G! Indeed we argue that holographic tensor networks of the type shown in figure 1 should best be understood as states where the area of the HRT surface γ R has been projected onto a definite state, killing the fluctuations which would usually be present in a good semiclassical state generated by a path integral. In other words, the leading-order n-dependence of the Renyi entropies for such semiclassical states arises entirely from those fluctuations.
To reproduce this n-dependence using tensor networks, we therefore need to make the network geometry dynamical in some sense. This conclusion will be no surprise to experts, and indeed has already been discussed in [32] .
2 After all making the geometry of the HRT surface dynamical was the difference between an incorrect first attempt [34] to derive the RT formula, which just replicated the bulk geometry, and the later correct version [12] , which allowed the geometry to backreact as needed to solve the equations of motion at the HRT surface [23] . Our contribution is to show more clearly how those two approaches are related, and that in particular there is a question for which the "wrong" replicated saddle point is actually the right answer.
The majority of this paper will focus on establishing the n-independence of the Renyi entropies of fixed-area states in gravity, but in section 3 we will return to quantum error correction to interpret our gravitational results. In section 4 we will then explain how our results suggest a strengthening of the JLMS relation [18] between bulk and boundary modular Hamiltonians, which we will also argue is necessary for a proposed generalization [35] of that result to an analogous statement about bulk and boundary modular flows. As explained in [35] , this generalization may lead to an explicit bulk algorithm for entanglement wedge reconstruction, so ensuring its validity is important for the general problem of how to represent bulk information in the boundary CFT.
Cutting gravitational path integrals to compute boundary Renyi entropy
The basic idea of this section is to cut and paste gravitational path integrals in a way that enables us to compute the boundary Renyi entropy of a state which has been projected to a definite area of the HRT surface. Doing so however requires us to understand how to describe gravity in a subregion. This question has been studied in considerable detail at the classical level in [36] (see also [18, [37] [38] [39] [40] for related work); we now review it from a slightly different perspective which is more conducive to seeing the connection to quantum error correction we develop in section 3.
A phase space for gravity in the entanglement wedge
In any mechanical system, phase space is defined as the set of distinct initial conditions. When the initial-value problem is well-posed, meaning that each initial condition leads to a unique classical solution, we can equivalently think of phase space as the set of classical solutions. In the presence of gauge symmetries the initial-value problem is not well-posed for the degrees of freedom appearing in the action, but it will be well-posed once we quotient the set of classical solutions by the set of gauge transformations: the phase space is then in one-to-one correspondence with these equivalence classes. For example consider the Maxwell theory, with action
Here M is an arbitrary manifold, possibly with a codimension-one boundary where we need to specify boundary conditions. For concreteness we will require that the pullback of A to ∂M vanishes, but other boundary conditions can be incorporated easily into our analysis. We may define a "pre-phase space" consisting of all A obeying these boundary conditions and also the equation of motion d F = 0, and the physical phase space will then be the quotient of these by the set of gauge transformations A = A + d such that | ∂M = 0. The pre-symplectic form on pre-phase space is given by
2) where δ 1 A and δ 2 A are variations which obey Maxwell's equation (they can be thought of as differentials on pre-phase space), and Σ is any Cauchy slice of M (it is easy to see that Ω is independent of the choice of Σ). Note that if we take either of these variations to be a gauge transformation then Ω vanishes:
In going from the first to the second line we have used that δA obeys the equations of motion, while in going from the second to the third we have used that | ∂M = 0. Therefore the presymplectic form (2.2) is degenerate: the nondegenerate physical symplectic form is obtained once we quotient the set of A by all gauge transformations obeying the boundary conditions.
The quotient from pre-phase space to phase space can lead to difficulties in trying to define subsystems of theories with gauge symmetries. For example let r be a subregion of Σ. 3 We can define a restricted pre-symplectic form
which we might hope to use in defining a dynamics of "the degrees of freedom in r".
Unfortunately the same calculation that we just did for Ω now shows that Ω r will not be zero acting on variations which are pure gauge: instead we have 5) where∂r denotes the part of ∂r which does not intersect ∂Σ. This in general does not vanish. There are various approaches to this problem which have been proposed in the literature. In [36, [41] [42] [43] the strategy is to promote the gauge transformations which do not vanish on∂r (modulo the ones that do) to new physical degrees of freedom, which are sometimes called edge modes. These degrees of freedom have no counterparts on the physical phase space on Σ, so the phase space one constructs this way is not a submanifold of the original one. The approach we will take instead is inspired by the algebraic approach of [44] , which we prefer since no unphysical degrees of freedom appear and the connection to quantum error correction is more manifest. 4 Our strategy is instead to just fix the restriction of A to∂r to some definite configuration A∂ r , and then quotient only by gauge transformations in r which vanish on ∂r: we will refer to the resulting phase space, on which Ω r is a non-degenerate symplectic form, as P r (A∂ r ). Similarly on the complement r of r, we can define an analogous phase space P r (A∂ r ), where we have simplified notation by observing that∂r =∂r. We can then construct a gauge-invariant phase space on all of Σ via
where denotes disjoint union and S denotes a set which contains a single representative of each gauge-equivalence class of the set of gauge field configurations on∂r. Due to the presence of gauge symmetry, we see that it is not the product of a phase space for r and a phase space for r. This phase space is not quite the one we started with, since it does not include the canonical conjugates of the α (the electric fields within∂r). These two phase spaces however will lead to the same quantum theory: after quantization the decomposition (2.6) of phase space becomes a Hilbert space decomposition
and the electric fields within∂r reappear as operators which mix the different α sectors. We thus have not lost anything compared to what we would have gotten starting with the full theory on Σ. The Hilbert space structure (2.7) has an elegant interpretation via the theory of von Neumann algebras, which are subsets of the bounded operators on a Hilbert space that are closed under addition, multiplication, and hermitian conjugation, and which also contain all multiples of the identity.
5 A standard theorem (see e.g. the appendix of [20] ) says that a von Neumann algebra M acting on a finite-dimensional Hilbert space H always induces a decomposition of H of precisely the form (2.7), with all operators in both M and its commutant M being block diagonal in the α. Moreover we can choose the tensor factorization within each block such that M acts nontrivially only on H rα and M acts nontrivially only on H rα , and indeed any operator which is block diagonal and acts only on the H rα is in M and any operator which is block diagonal and acts only on the H rα is in M . The center Z M of M , which is also the center of M , consists precisely of those block diagonal matrices which within each block are proportional to the identity on H rα ⊗ H rα . In other words we can decompose the Hilbert space as in (2.7) such that
where L(H) denotes the set of linear operators on H. In gauge theories it is therefore quite natural to interpret the decomposition (2.7) as being induced by the algebra A(r) of gauge-invariant operators in the region r and its commutant A(r), the algebra of gauge-invariant operators in r [20, 44] . The degrees of freedom labeled by α are precisely the shared center of these two algebras.
We now turn to gravity. In general relativity the gauge transformations are diffeomorphisms, and infinitesimally they act on any tensor field φ via the Lie derivative
At leading order in G it will be sufficient to study pure general relativity with a negative cosmological constant, with action
Here S bd is a set of boundary terms which live at ∂M , which in addition to the GibbonsHawking term may include additional "holographic renormalization" terms depending on the boundary induced metric. The symplectic form Ω for general relativity with this action can be constructed using standard techniques [45] , and is invariant under gauge transformations ξ which vanish at ∂M . We however would like to define a phase space for a spatial subregion r ⊂ Σ in gravity. Using the machinery of [45] it is not difficult to show that under a gauge transformation δ ξ g = L ξ g for which the generating vector field ξ µ vanishes at ∂M , we have
where
with being the -tensor, and
with ξ now viewed as a one-form.∂r again denotes the part of ∂r which does not intersect ∂Σ. Thus Ω r will again not be invariant under all the gauge transformations which we quotient by in the description of the full spacetime, so any construction of a phase space for "just the degrees of freedom in r" will need to address this. The first obvious guess is to only quotient by gauge transformations ξ µ which vanish at ∂r and only consider variations which preserve the induced metric on ∂r. This however is not quite sufficient: it gets rid of the second term in equation (2.11), but the first still gives a nontrivial result
15)
6 If we do allow the induced metric on∂r to vary then there is also a term where ∂ r is the tensor on∂r and AB is the tensor in the plane normal to∂r. The quantity A B depends on the metric only through the conformal structure of the two-dimensional metric in that normal plane, so this term will only vanish if we further restrict the metric variations δg by requiring them to preserve that conformal structure. This then requires us to further restrict the ξ µ we quotient by to be conformal killing vectors in the normal plane [36] . Thus we again define subregion phase spaces P r (α) and P r (α), where α denotes an induced metric on∂r and a conformal structure in the normal plane, and we have quotiented only by diffeomorphisms which vanish at ∂r and are conformal Killing vectors in the normal plane. We can then introduce a phase space on the full Cauchy slice as in equation (2.6), where again we sum over one element of each equivalence class under diffeomorphisms which do not necessarily vanish at∂r and are not required to be conformal Killing vectors in the normal plane of the induced metrics on∂r and conformal structures in the normal plane. Since all conformal structures are gauge-equivalent on a two-dimensional plane, this means that the set S will be equivalent just to the set of induced metrics on∂r modulo diffeomorphisms there. As in electromagnetism this will not quite be the full phase space of general relativity on this slice, since the canonical conjugates of the α are missing, but the two phase spaces will again lead to the same quantum theory with a Hilbert space decomposition (2.7).
The application of this result which is of interest for us in AdS/CFT is to define the gravitational dynamics within the entanglement wedge W R of a boundary subregion R. We remind the reader that for any boundary spatial subregion R the HRT surface is defined as the codimension-two achronal surface γ R obeying the following criteria:
• ∂γ R = ∂R.
• The area of γ R is extremal under variations which preserve the previous condition.
• There exists an achronal surface Σ R such that ∂Σ R = γ R ∪ R.
• If there is more than one surface obeying the previous criteria, we pick the one of smallest area.
The entanglement wedge W R of R is then defined as the bulk domain of dependence of any such Σ R . In the above construction we should then take r = Σ R and∂r = γ R to arrive at a phase space construction of entanglement wedge dynamics. The "central" degrees of freedom S then consist of the induced metric on the HRT surface γ R modulo diffeomorphisms, which in particular includes its area: this confirms the argument of [20] that the "area operator" in the quantum Ryu-Takayanagi formula should be thought of as being in the center of the algebra of operators in the entanglement wedge. Using the bulk Euclidean path integral to prepare a state. The red dots are boundary sources we can adjust to change which state we prepare, and the center degrees of freedom α are the induced metric data on the HRT surface γ R .
Computing boundary Renyi entropy at fixed area
Having constructed a classical phase space for gravity in the entanglement wedge, we may now quantize it, and in particular we may do so using the path integral. For simplicity we restrict to states which possess a moment of time-reflection symmetry and can be prepared by a Euclidean path integral. 7 These path integrals will prepare states in a Hilbert space with the structure (2.7), so they will have the form
We give a graphical illustration of such a state in figure 2. This representation is convenient because it allows to understand how projections onto definite values for α can be inserted into the cutting and gluing of gravitational path integrals. We now use this to compute the boundary Renyi entropies for states which have been projected in this way. In particular, let us consider a new state obtained by projecting the state |ψ in Eq. (2.16) to a fixed areaÂ on the HRT surface γ R .
8 This fixed-area state |ψÂ can be thought of as an eigenstate of the "area operator" in the quantum RT formula. Explicitly, it has the same form as in Eq. (2.16) with the sum restricted to a subset of α for which the total area A[α] of γ R isÂ:
This state is prepared by the same bulk path integral with boundary sources that prepares |ψ , but with the extra constraint that only configurations where the area of γ R isÂ are integrated over.
The norm of such a fixed-area state is calculated by a "full" bulk path integral obtained by gluing the path integral preparing |ψÂ with a conjugate path integral preparing ψÂ|. The two path integrals are glued together along the achronal surfaces Σ R and Σ R , with the fixed-area constraint enforced on γ R :
where A γ R [g] is the area of γ R in the metric g, I[g] is the bulk Euclidean action, and dependence on the boundary sources is implicit in the path integral. We call this full path integral Z 1 in anticipation of the discussion below on Renyi entropies. In the semiclassical approximation, the path integral (2.18) is dominated by a saddle-point solution g c 1 , but as we have fixed the area of γ R , g c 1 is only required to satisfy the equations of motion away from γ R and is allowed to develop a uniform conical defect on γ R .
9 To see the conical defect, we choose to enforce the fixed-area constraint in Eq. (2.18) by introducing a Lagrange multiplier µ:
The Lagrange multiplier term can be interpreted as the action of a cosmic brane with tension iµ. Even though the cosmic brane is fixed to be on the HRT surface γ R (whose extremality can be defined here by the vanishing trace of extrinsic curvature as we approach γ R ), at the level of the saddle-point solution we could equivalently allow the location of the cosmic brane to be arbitrary (subject to the homology constraint) and require the total action in Eq. (2.19) to be stationary with respect to variations of the brane location. From this we find that the saddle-point geometry g c 1 should satisfy the equations of motion everywhere including on the cosmic brane. In the case of Einstein gravity that we focus on, codimension-2 cosmic branes backreact on the geometry by creating a conical deficit angle proportional to its tension [47] .
10 Therefore, the saddlepoint solution of Eq. (2.19) is characterized by a real conical defect geometry g c 1 and
9 We will provide a more general argument at the end of this subsection (when we discuss states with the entire induced metric on γ R fixed) which does not rely on showing that the singularity on γ R is a conical defect. 10 This follows from the observation in footnote 6 that the area of γ R gives the generator of boosts in the normal plane around γ R , and can also just be derived by studying the behavior of the Einstein equation in the vicinity of the brane. Figure 3 . Gluing the gravitational path integral to compute the third boundary Renyi entropy. Red dots are the sources which produce the "ket" part of the density matrix, while blue dots are their CPT conjugates which produce the "bra" part. The HRT surface γ R is represented by the black dot in the center, and is shared between all copies in the Renyi computation.
a purely imaginary µ = −iµ E chosen so that the area of γ R agrees withÂ after the backreaction of the cosmic brane is taken into account. We will refer to the conical opening angle in g c 1 as φ 1 . Now let us calculate the boundary Renyi entropies on R in the fixed-area state |ψÂ . We will do this in two ways and obtain the same result. The first way is a direct calculation of the Renyi entropies S n (ρ R ) for integer n ≥ 2 by rewriting Eq. (1.2) as
where Z n is an n-fold bulk path integral obtained by gluing together n copies of the path integral preparing |ψÂ (denoted by P 1 , · · · , P n ) and n copies of the conjugate path integral preparing |ψÂ (denoted by P 1 , · · · , P n ). The manner of gluing is as follows: we first glue P i with P i along Σ R , and then glue P i with P i−1 along Σ R (with the understanding that P 0 means P n ). The common surface γ R in the resulting path integral is constrained to have areaÂ since each of the pieces we glue does. A natural bulk interpretation of this gluing procedure is that the first step of gluing P i with P i along Σ R generates n copies of an unnormalized density matrix which can be viewed as the bulk version of ρ R and may also be obtained by cutting the path integral Z 1 open along Σ R . The second step then forms Trρ n R by cyclically gluing these density matrices together along Σ R . We illustrate this in figure 3 .
Just like Z 1 , the n-fold path integral Z n is given at leading order in the semiclassical approximation by the action of the dominant saddle-point solution g c n , 
A nice consequence of fixing the area of the HRT surface γ R is that the saddle-point geometry g c n is extremely simple -it is obtained by cyclically gluing n identical copies of g 
Here the first term comes from everywhere away from γ R and is therefore proportional to n. The second term comes from a localized contribution on the conical defect γ R due to the fact that the Ricci scalar R contains a delta function at γ R times a coefficient 2(2π − nφ 1 ) that is twice the conical deficit angle. Plugging this into the Euclidean Einstein-Hilbert action 
We have obtained this result for integer n ≥ 2, but it can trivially be analytically continued to an arbitrary n, leading to Renyi entropies that do not depend on n. This suggests that the fixed-area state |ψÂ has a flat entanglement spectrum on the boundary subregion R at leading order in gravitational perturbation theory. Now we provide an alternative way of obtaining the same boundary Renyi entropies. It is simpler than the brute-force method used above, and has the advantage of giving the Renyi entropies for arbitrary n directly without analytic continuation. We start with the cosmic brane prescription for Renyi entropies derived in Refs. [12, 26] . It says that a refined version of the Renyi entropy defined by
is given by the area of a codimension-2 cosmic brane γ R,n inserted into the bulk solution:
The cosmic brane γ R,n is homologous to the subregion R and creates a conical defect with deficit angle 2π(n − 1)/n due to its tension (n − 1)/(4nG). The refined Renyi entropy S n (ρ R ) can be defined alternatively as the von Neumann entropy of the density matrix ρ n R /Trρ n R . The prescription (2.26) is a natural generalization of the RT formula with the cosmic brane γ R,n replacing the HRT surface γ R . Once we know the refined Renyi entropies S n , the Renyi entropy S n for any n is easily obtained by integrating (2.25):
Let us now apply this prescription to the fixed-area state |ψÂ . We need to insert a cosmic brane γ R,n into the saddle-point geometry g c 1 dominating the state norm Z 1 . It is worth noting that this cosmic brane γ R,n is different from (and introduced in addition to) the cosmic brane introduced earlier by the Lagrange multiplier in Eq. (2.19) (which is already present in g c 1 ). However, the two cosmic branes coincide with each other and create a combined conical angle that is actually the same as the one in g c 1 -another great simplification due to fixing the area of the HRT surface γ R . To see this, we observe that if we place the cosmic brane γ R,n at exactly the location of γ R and do not change the geometry g c 1 in any way, it would automatically satisfy the equations of motion away from γ R and have the same areaÂ on γ R . Thus inserting the "extra" cosmic brane γ R,n does not affect the geometry at all -the only thing that gets changed is the saddle point of the Lagrange multiplier, or equivalently the tension of the "original" cosmic brane already present in g c 1 : its saddle-point value in the path integral (2.19) changes from µ E to µ E − (n − 1)/(4nG) to "absorb" the tension of the extra cosmic brane γ R,n in order to keep the geometry unchanged and the equations of motion satisfied.
Therefore, the area of the cosmic brane γ R,n isÂ and Eq. (2.26) immediately leads to a constant refined Renyi entropy
Integrating this in Eq. (2.27) we reproduce the n-independent Renyi entropy (2.24). In the discussion above we have focused on fixed-area states (2.17), but we now point out that the same n-independent Renyi entropy applies to states obtained by projecting |ψ in Eq. (2.16) to a fixed valueα of α: 29) as long as the norm of the state is dominated semiclassically by a saddle-point geometry.
This fixed-α state is prepared by the same bulk path integral that prepares |ψ but with the extra constraint that the entire induced metric on the HRT surface γ R is given byα. The norm of |ψα is again calculated by a full bulk path integral Z 1 defined in a way similar to Eq. (2.18). We assume that the path integral Z 1 is dominated in the semiclassical approximation by some saddle-point solution g c 1 .
11 The difference with the fixed-area case is that here g c 1 is allowed to develop a more general singularity than a uniform conical defect on γ R . A specific example of such a singularity is a conical defect whose conical angle varies along γ R , but in general it could be any singularity whose contribution to the bulk Lagrangian is a distribution (such as a delta function) localized on γ R .
The boundary Renyi entropies on R in the fixed-α state can be calculated by the same two methods used above. The second method of introducing a cosmic brane γ R,n to calculate the refined Renyi entropy immediately leads to the same conclusion that the cosmic brane γ R,n would be placed at exactly the location of the singularity in g c 1 without modifying the geometry in any way. This gives the same n-independent refined Renyi entropy (2.28) withÂ replaced by A[α], the total area calculated from the fixed induced metricα. Therefore, the Renyi entropies are also n-independent and given by
We can reproduce this result using the first, more direct method as well. The Renyi entropies for integer n ≥ 2 are calculated from Eqs. by replacing a small neighborhood of γ R with a smooth geometry and to construct g c n by gluing n copies of this regularized version of g c 1 , with the understanding that the thickness of the neighborhood of γ R will be taken to zero eventually. This version of g c n has a simple, uniform conical defect on γ R with opening angle 2πn, and its action is
where the first term comes from everywhere away from γ R (which is smooth in the regularized g c Finally, we point out that we do not expect our conclusion of n-independent Renyi entropies to be modified by higher-derivative corrections in the gravitational action. In these cases, the RT formula (1.1) and its generalization (2.26) to refined Renyi entropies are modified by replacing the area A by some generalized notion of area A gen [48] [49] [50] . This generalized area is an integral over γ R of some combination of local geometric invariants and its form is completely determined by the bulk action. We expect that a calculation very similar to the one performed above in Einstein gravity would lead to the same n-independent Renyi entropies as in Eqs. (2.24) and (2.30) with A replaced by A gen , although we leave the details to future work.
The origin of n-dependence
We can now easily understand how the n-dependence of the Renyi entropy in unprojected semiclassical states arises. Consider the fixed-area replicated path integral
where here Dg n means that we are integrating over metrics (and other bulk fields) which at the Euclidean AdS boundary have n copies of the sources preparing the state, as in figure 3 . The unprojected path integral is then obtained by
In the semiclassical limit we have
so we are interested in semiclassically evaluating the integral
The saddle point for this integral will be precisely the value A n for which the opening angle φ 1 is 2π/n, since ultimately in doing the integral overÂ we are just doing the full gravitational path integral in a different order and the saddle point g c n (A n ) must be smooth and obey the Einstein equation at γ R . Moreover using the cosmic brane method [12, 26] , we then immediately see that the refined Renyi entropies are given by
Since A n is now a nontrivial function of n, we see that S n , and thus S n , will be as well. From this point of view the entire n-dependence of the Renyi entropies arises from the shifting of the saddle point value ofÂ in (2.35) as we change n. This discussion generalizes in a simple way to fixed-α states as well, we can also write 37) and since Z n (α) again leads to n-independent Renyi entropies we can view the ndependence of the full Renyi entropies as coming from the shifting of the saddle point in the "sum" over α as we change n.
A quantum error-correction interpretation
In AdS/CFT the above gravitational discussion is all happening in the bulk, and must be embedded into the dual CFT some way. Most states in the CFT will contain large black holes which in particular have swallowed whatever region we might be interested in. In [17] it was emphasized that the quantum structure of perturbative general relativity should be understood in AdS/CFT as holding only in a code subspace, H code , of the full CFT Hilbert space. This subspace is not unique, since we may be willing to tolerate some black holes which are far away from whatever physics we are considering, and if we are ambitious we may even try to include the microstates of some black holes within the code subspace degrees of freedom [20, 51, 52] . We may also want to exclude bulk degrees of freedom such as heavy matter fields which are describable within effective field theory. In general one can think of the choice of code subspace as being similar to the choice of a renormalization scheme: we choose it as is convenient for the particular problem we have in mind. In fact this is more than analogy: doing renormalization group flow in the bulk is one example of changing our choice of code subspace. For this paper we will take our code subspace to be the linear span of the set of states which can be prepared by a bulk Euclidean path integral with an O(G 0 ) number of boundary sources of low scaling dimension.
Any state in this code subspace should obey the quantum Ryu-Takayanagi formula, which says that any bulk state ρ prepared by a bulk path integral should have a dual CFT state ρ with the property that for any boundary subregion R we have [31, 50] 12
Here L R is an operator localized on the HRT surface γ R which at leading order in G is just A[γ R ]/(4G), and S(ρ r ) is the entropy of ρ restricted to the algebra of operators in the entanglement wedge W R . L R is required to be in the center of that algebra, and indeed this follows from the construction of section 2.1 since the area of γ R is determined by its induced metric. The von Neumann entropy of a state ρ on a subalgebra M , which is a generalization of the definition for a subfactor, is given in terms of the diagonal blocks of ρ in the decomposition (2.7). Indeed we can represent each diagonal block of ρ as p α ρ rαrα , with Trρ rαrα = 1 and α p α = 1, and the entropy is then (see [20] for more on this definition)
One of the main results of [20] was that the quantum Ryu-Takayanagi formula (3.1) can hold in all states of a code subspace H code ⊂ H R ⊗ H R if and only if the encoding map has a very specific form, which generalizes that of the quantum circuit shown in figure 1 . Indeed if we algebraically decompose the code subspace H code as in equation (2.7), we can choose a basis | α, ij as in figure 2 . The result then is that the quantum RT formula requires H R and H R to decompose as
where H R 1 α ∼ = H rα and H R 1 α ∼ = H rα , and moreover that our complete basis for H code must be obtainable as
for some unitaries U R , U R on H R and H R and some set of states |χ α . In [20] codes with this structure were called "operator algebra quantum error-correcting codes with complementary recovery", since the structure (3.4) also holds if and only if all operators in the W R algebra can be represented on R and all operators in its commutant (the W R algebra) can be represented on R. By taking the partial trace, (3.4) immediately implies that for any bulk state ρ on H code we have 5) where ρ R 1 α has the same matrix elements as the state ρ rα appearing in the computation of the von Neumann entropy of the state ρ on the algebra of operators in W R and
Computing the von Neumann entropy of both sides of (3.5) and using (3.2), we recover the quantum Ryu-Takayanagi formula (3.1) with the "area operator" given by
Showing that this is the only way for (3.1) to be satisfied is somewhat harder, and was the main content of [20] . With equation (3.5) in hand, it is a simple matter to consider also Renyi entropies. Indeed we have immediately that
Just as in the quantum RT formula, in the semiclassical limit the "bulk" contribution from Tr(ρ n rα ) will be subleading so the Renyi entropy for all states in the code subspace should obey
Our proposal is that this equation is a CFT representation of equation (2.37) . Note in particular if we project onto a state of definite α then we are left just with Tr(χ n R 2 α ), so we learn that the n-independence at fixed α we uncovered on the gravity side has a striking interpretation for holographic codes: the states |χ α R 2 α R 2 α must have a flat entanglement spectrum on R 2 α for all α. For tensor network codes such as that in figure 1 this was a consequence of the fact that this state was a tensor product of maximally entangled EPR pairs on the links of the network, but now we see it is a general property of holographic states at fixed α.
We point out for completeness that the statements made above can also be seen from the refined Renyi entropies S n ( ρ R ) defined in Eq. (2.25) . To see this we now derive a general formula for S n ( ρ R ) that holds in any operator algebra quantum errorcorrecting code with complementary recovery and for any state in the code subspace. We will see that it gives a nice code interpretation of the cosmic brane prescription (2.26) for refined Renyi entropies. To do this we first note that S n ( ρ R ) is simply the von Neumann entropy of the density matrix ρ R,n ≡ ρ n R /Tr ρ n R which by using Eq. (3.5) can be written as
and χ R 2 β ,n defined similarly. Similar to the derivation of the quantum RT formula (3.1) from Eq. (3.5), we find its generalization to the refined Renyi entropies to be S n ( ρ R ) = Tr (ρL R,n ) + S n (ρ r ) (3.10) with the "Renyi area operator" L R,n defined as
and the refined Renyi entropy of ρ restricted to the algebra of operators in the entanglement wedge W R given by
In the semiclassical limit, Eq. (3.10) is dominated by the first term on the right hand side which becomes
) with the saddle-point valueα that dominates the sums over α of n-fold traces in Eq. (3.13). This is (almost) precisely what the cosmic brane prescription (2.26) requires: the conical defect geometry created by the cosmic brane is exactly the Z n quotient of the (replica-symmetric) saddle-point geometry dominating the n-fold gravitational path integral [which is the bulk version of the n-fold traces in Eq. (3.13)], with the same induced metricα on γ R before or after the quotient. Here we say "almost" because the gravitational prescription (2.26) gives the area of the conical defect which can be determined from its induced metricα regardless of n, whereas Eq. (3.13) gives S n (χ R 2 α ) which appears to possibly depend on n. The resolution of this puzzle is that S n (χ R 2 α ) must in fact be independent of n at least to leading order semiclassically! We can also see this flat entanglement spectrum of χ R 2 α by comparing Eq. (3.13) for a fixed-α state with n-independent Renyi entropies found on the gravity side.
There is a point about this connection which may at first seem confusing: our bulk path integral construction in figure 3 looks like we are computing the Renyi entropy only using the bulk degrees of freedom, but in the holographic interpretation that we have just given to the calculation we threw out the bulk contribution and the Renyi entropy came entirely from the states |χ α . What happened? The issue is that although the bulk construction in figure 3 resembles a bulk Renyi entropy calculation, strictly speaking it cannot be interpreted as such without a cutoff; otherwise the circle contracts and there is no trace interpretation in the bulk. This is the same miracle by which the Euclidean path integral is able to compute the black hole entropy correctly without knowing the microscopic theory of quantum gravity. In the CFT calculation we have those microstates in hand in the form of |χ α , and the calculation is dominated by them. In the bulk calculation this UV information instead goes into the infrared value of Newton's constant G, which finds its way into the answer via the evaluation of the action on the semiclassical saddle point.
An exponentiated JLMS formula?
There is an interesting interplay between the n-independence of Renyi entropies in fixed-α states and the JLMS formula relating bulk and boundary modular Hamiltonians. We first note that from (3.5) we have
Using the expression
for the projection operator onto H code , we can derive a version of the JLMS formula [18, 20] 
where L R is the encoded area operator
and K ρ r is the encoded bulk modular Hamiltonian
Given a modular Hamiltonian, it is natural to exponentiate it to generate modular flow [53] . Since the JLMS formula (4.3) gives a relation between bulk and boundary modular Hamiltonians, it is natural to ask if we can exponentiate it to give a relationship between bulk and boundary modular flow [35] . Ideally we would like an equation of the form P c e 6) which would say that we could compute the bulk modular flow of bulk operators in the entanglement wedge using the boundary modular Hamiltonian. Unfortunately however (4.6) only follows from (4.3) if P c and K ρ R are commuting quantum operators, and from a coding point of view there is no reason to expect this to be the case. 13 Indeed it is not hard to show that they will commute if and only if for all α we have |χ α χ α | log χ R 2 α = log χ R 2 α |χ α χ α |.
(4.7)
Now however we learn something interesting: (4.7) holds if and only if the nonzero eigenvalues of χ R 2 α are all equal, which is precisely the structure we found at leading order in G in section 2.2! In other words, the flat entanglement spectrum at fixed α which we found in gravity is closely related to the question of whether or not the exponentiated version (4.6) of the JLMS formula is valid. The only reason they are not equivalent is that our gravity argument was only valid at O(1/G), while to really get the bulk modular flow we need a flat spectrum of χ R 2 α through O(G 0 ). We can make the connection between modular flow and a flat entanglement spectrum at fixed α more explicit. Indeed let | ψα be some encoded state which has support only when α =α. Using our formulae for P c and K analytically continued to complex n, so for equation (4.6) to hold through O(G 0 ) we thus indeed apparently need these Renyi entropies to be n-independent to that order.
14 We suspect that this stronger flatness result does also follow from the gravity side, and the CFT argument that we sketched in footnote 13 gives support to this, but we leave a detailed study for future work.
Discussion
In this paper we argued that states which are prepared by Euclidean gravitational path integrals have the property that if we project them onto eigenstates of fixed area for 13 From a CFT point of view one might expect that e is( K ρ R ⊗I R −I R ⊗ K ρ R ) preserves the code subspace, since near ∂R we expect it to act like a boost and thus to preserve the Hilbert space of low-energy states [35] . From this perspective our demonstration of the flatness of the entanglement spectrum at fixed α from the gravity side can thus be viewed as a nontrivial consistency check.
14 In testing this approximate flatness the closeness of the right hand side of (4.8) to one is perhaps a better diagnostic of the accuracy of (4.6) than is (4.7), since the former is a numerical relation and the latter is an operator equation.
the HRT surface γ R , we obtain a state whose Renyi entropies are independent of n at leading order O(1/G) in Newton's constant G. We further argued that the same is true for states where we act with a projection onto a definite value of the entire induced metric on γ R . We then gave the latter result an interpretation within quantum error correction as a flat entanglement spectrum for the states |χ α appearing in equation (3.4) . Finally we argued that this flatness, and indeed a stronger flatness which holds through O(G 0 ), is necessary for the relation (4.6) between bulk and boundary modular flow proposed in [35] .
Perhaps the most important task following up on this work is thus to use gravitational arguments to establish the stronger flatness needed for the proposal of [35] . Another interesting project would be to study in more detail how Renyi entropies behave in the tensor networks constructed in [33] which have center degrees of freedom on the links. It would also be interesting to establish similar results in higher-derivative theories of gravity, and it would be enlightening to work out the conical geometries in section 2.2 in some more detail in simple examples. We are optimistic that the recent interplay between quantum gravity and quantum information theory has yet more to teach us.
